§ Local theory of plane curves

COns‘?er +two P‘G\he Curves :

(v.0): Po\av o0or dinates (x,9) : vectongular Coovdinates

,r Y = Cownst,

Ques‘fcbw: What is +he “best” coovdimeate rjs‘fﬂm

ow a siven (feauhn) carve ?

E3' depends ow
where we ave
m e Cuve
J
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; ‘Lﬁ'— Vuovmj “€rame

LQ“’ 3 = Counferclockwise vrotation specic| 2;"
dim,
bn % W R (=2C)
! k3
R Given any unit vector 1 € R

Y u,J’.ﬂ) s a (pos. ovieuted)

3
,/ u orfhonerwmal basis (ON.B.)

> cailed a frome .



DQ‘F\‘MH’.‘OV\: let A:T = ‘Rz be a P\aue curnve ?bqﬂ

Define : iT(s) = 0‘,(9) uut +au3ud
() = J(T))

{T(s), (s)ll Frenet frame along O

Note: [ T(s) ties)) OMN.B8 —fov each s€ 1

S r T, T)d>zsd T<LNE, NP e @O
KT, NWMIP=T 0 ceeee ces e .. @
Differenticte O

<T'(s),T($)> =0 = < '(s), s) >

D;‘FFC'QM‘HG*.Q @ H bj Proéucf rule

<TES). (HS + LT, ‘©> = o

Hewce,

T's) = RE)NE)

) ==k®»Ts)



D@‘F\‘wﬁ\‘av\‘. Let of: IR be a curve ?.b.q.l.

with Frewet drame  { T, N}

' Cuvrveture of A&
‘k(S) .= (T(s),N(S))\ (ot )

Rewmv‘f: 1) k ) R s a smosth Fanction

2) R has a Sign:
‘k>o\ ‘\t<o\
J

;
_ olS) T

\
ok(S) T T
<

W\
T 'l'umfnj towerds

! ‘ T -hmwius owao‘ﬁom

Caud’\‘ov\: No such iw‘\'evvve‘(’ah‘on 14 Spoce CuvveS‘.’

3) ¥ o0:1I— ﬂ?z s g ?.b.a.l. (but rejutav)
‘hen “reparam‘tﬁze" \o3 @ =l : 3 \Rz :E.\o.o.Q,

defing \kx(-t) 1= kg( -Et)) \

? Note - Cu.wa'hue s variant under reParaw.z'bdza‘h:m.’



Examp‘a 1. S{‘miswt line

A . ol(s) =P+sg . se R

-\
a0

A is P,b.a.l. <D |Ei\= 1.

T u® Frevet fowme -

> { T(s) = L) = ?g: constant /
(s) = J Te) = 3:?

=
]
0

k(s) = < T, N> =0 .

Exam?le 2: Cireles

r S O'V\_?—
N “(S‘)=C+Y(00S?,S' Y)
&_/ P.\o.o.ﬂ.'

Frenet Afrowe:-
: WS s s
{‘T(S) = Ak(S) = (-SW‘Y s f)
(s) = IT(S) =(.C05 é.-Sﬁné)
Cuweture *
= ,
k-?\ kes)y= < Tisr, Ns» D

(1)
Bisser circles have

=< (s =, =),
(]
Smaller curvetuve !



Exetuise : ecpea-t fae Gbave calcmlation using a clockwise

ot emetrizetion .

%sz let «: I = R be a curve pbal,
I‘E 9’ :Rz—a (R" is o rzﬁtd woation , then

F = ? o X ¢ I-:)‘Rz s also ?.b.a..(.

and k (s) = { k“ (s) F ¥ ic oviewtation —Pteum‘vj
F i} = kd (s ) ;-F (P 'S ovn‘ud'a-h'ow -veverSin 3

W "
?ﬁ’ Execcise ! Cuwsture is a 3enm.d:r~‘c %u&n‘h‘f;j
(wot wecessarily P‘b' a.l.)

2
E)Cetc.‘se: I t:T> R is a regular plane curve ,

Show +hat ;
det (@), &'®))

kR, ¢) =
* | \ok'(-c) \®

Exercise: Leg A :T — R’ be a ourve P,b.a.Q.

Deuste O () = awgle of T(s) wmeaasured fom X-axs.

T(s.) Thea: \e'(s) = R(s) (

‘ Curveture mueasures He

=Yk YO
ol(s) O ) vote O'f tavnrm j Q'F "Hd.ﬂ
— Uuit fangent vector v




Exercise: The only plane curves with R = tawstawt

are sfrm‘sh'l' (tnes ond civcles .

(kR=o) (kEiT';
Lclz,\»ev\cls on

ovientetiown

&Mﬁc’ow; In sev\eva\, does Hie cuvucture R:IT-R
determme +e curve of: 1- 'iR‘z (pY.a.0.)

! C,o\MP\e:te,\j Y ( wp ‘%o visid Wko‘\'\‘omg) ? YE S.I

Fu.,.&a.mwm\ Theovem of Plane Curves

Given a swooth function R:T-> R,
3 o:I— R ?‘b'a'l' (defined ow +ke sawe I )

st. kRy(s) = R() Vsel

Moreover, Ok iS wuwigue up Yo oriewtetion- preserving

ﬂsid mations.

Note: The basic idea is +at R & & (but newlincar!)

"
k < 0& > O(' = S
ol inte gv ete T u'n'hjra‘l'e o

Ambiguity by Y =AY+ b

)

Y V\‘(‘es tehion constants "



Prm{: (T) Existence
Fix So €T , dedfine ( Recatl: ‘= k)

(s) := J‘s R (wdu
So

hewce i we set unit+ vectov

/
2 (s) = T(s) = (oo: (s), sin()

Ih‘tzj ratin 5 9 wes
S

ol(s) = (fsoo.v @)dt ' L

sinl (£ Jt)

Exercise : Check A& is pbal and k(s)=k(s) .
o(

(I[) uh\‘ttueuegs
guppone F: 11— IR" 1S andther Curve P.b.a.f. st.

kF(S)’ k(s) = kd(s). WV sel.

Fix o IT. Consider the Frenet Fromes

{Td(s), 0¢(S)'ﬁ ond \v(S) (9)]]

(50) 4 #(%2)
o " rigid makon

0 [} G)
ol(50) T.(5) e B



3 () T,.g onentation - Ptererv\‘ns n‘Ssd maHon

‘)O(X)-'- AxX +b

Rt (1) ()D (0((50)) = B (Se) “match +he |>°"‘""’"

@) | A (Tt = Ty (50)

match +he ‘Framc”

A( @m) = Ng(5+)

Claim: Po ¢ = @
Consider 'f(S')= \T')o‘m(s)-_l‘g(s) lz ' sel.
=| AT -TF(s)\2

'D'\Hetuﬂau n S, a‘)‘)\cj"ns Frenet e%uAf"Ows ,
.L '__ p- !
Z-F - <AT,‘ T?’HTel-Tf>

:< A(kd d)—k(g F’HT‘*-T§>

(kek=kg) = <ANg- g. ATu-Tg>
:k((A s ATa> + < F‘TF>
- AN TES = <N, AT )



Note: . ¢ g. Tg>=0 swa el Tg

- <A “'AT“>,=\< 4, x> =0
ALSo(z)

* < ANg, Tp> :<AIT°"TF>

=<TAT,,Tg> (:AT=TR)

w\nj?

= < I‘A TG R I TF> (.: Te SO(Z\)

= <~ < AT«, Ng> (T =-1)

Cowb\'vu'uj +hese calenlations, we have

fis)zo VWsel
Sine F(S:) =0 bn e choice f CP, ‘f(S)so vsel.

Tkeve-ﬁne,
(Soo d)'(S)=T$0°d(s)= TF(S).-.p'(S) Vsel
1h‘l’25ﬂ:‘(’c‘u3 S owd using ‘)0 (O((S'o)) - @(So) .
= (Pooct) ) =Bl Vsel.

This completes +he Proo'f.’




§ SPG\CQ Cuyves

Cov\ﬁdev now o Space Cayvve

oA:T R phoal

2 GDOJ : Defive a "mow‘uj "Pmme”
N
(o 8 aloug o{ whose rate of change
> T
8
v
T

reflects +he (extriusre )

uj%me‘(:nj" of ol
Frewet frome = YT'N' Bz)

3 ’n
Rec:al\ fvst about " fromes in iR

‘ e o
T {Q"e"ei.s = S+thﬁré "FY&MA.Q

t

9
e; / (elx e:: ea) Poﬂ‘h‘veb othVl*CJ O.N-B.
P 3
€2
2 R
v e,

% L"weav a!aebra. fact

AN

vaeh omj "‘F’““‘e" {V, 'VQ’VI} ’

2 A 3 unique AcSo(d st. Per=V:
1\ rotates 1=1,2,3
-9 SO(?) = {Ae M; o (R) = AA=1 ’A,_-\-pf=17)

“, vz o
’\M K " Space of frmes R2
> X




EeCall ov P\av\e curveS: N : T — fR2 P.b.a.l.

Frene+t frame Frenet e'tua‘hons

ST

4 A\ N -k o N

. J.T k:: (T’,N> m: k:ilT’l
curvature

NOW, -Fov a SPace curve ¢ O T — ('P% P.b.a.ﬂ.

Defrune - T(S) = o('(s) +au5w+
and Ri(s):= ‘T'(g)‘ Curvacture
Note: R S o0 for space Cunes
AS‘S‘ume - k(9 <0 (%)
Then, we can defwme:
ts)
N (s):= T’S novrwma |
| Tesy)
omd B((s) := Ts) x Ns) biwermal

For any) oL: L R® P.b.a.l. satisfying (%) Hva s T,
we have defined S‘w\oo'b\'l‘j a\0m3 o +he

Frevnet frame {T(s) CNC(s) B(S)B



Frene+t e%ua'('"ous Tl 1> R pl.al., R(s)>o

Vsel
T ' o k o\/T
= |-k o -T ... (#)

B O T o B

wheve R := \'\"\ Curvature
T:=< B" > =tov sion

Note: R>o alwa.os,bw\'t canw bg <O , =0 or >O.
Proof of (#): Use § T®,N®, B) is 0-NB. Vsel

D;Ffefwfv‘a+fn5 wet. S

<T,T>
<NLNS

<8 8>

B_‘j def?

w

VA AN

\ = <KT,T>=zo0

dlagonal eutries
\ = < S =-o = M (#) = O,
| = <p'B8>=o0
_T_T r_
1T R = | T =k
3¢
(-}
=T)‘ — B’:T’x .'.'Tg ’
= % + T x
L_V.'v ——
" LT
(o)
> B’: T




k

F!‘nalha, | " ,
- il < ,T>*< rT>=o r
<N, TY=z0 = | Sa - hT-<B
<N, Byzo D N, Bs+<hBY»=0
"
-

(Bad) Examp!e O: S{,o;s\ﬁ- lTnes

Tis)= As) = §

Tt = o
A(s)= ptsg . S Rz o0
iqu=1 plol. T not defmed
Exampie L 2 Civoles g p.ba..

o(s) = (TCOS i Y Sin i) . se iR
Y Y

.
T 2s) = (- st S , cos )
y -'_ S - {ni
):"’x T(S)-((-cos?, s Y)
< k(s)z\Tl(S)\ = |?> o
k=|_ ’(s)
= r s) = - S LginS
( | T °( cos st Y )
T=o

B(s) =T x N(s) = (0,0,1)
ST =< R, N> =0



Exercise Let :T = ﬁ23, Pb.a. L., R>o0 . Then

"o Les ow a plone P§R3 <=) T =o.

Exaw.ple 2 : Helix (\a,b.a.!l.
S s S
N d(S):(cosf_f SME’E) . se R
- I
((s) = A(S) = = (-sin = “sg 1)
=) Bk ok
() = M (—cos S —grn S
//7,) ., T = cos S, -sm =, 0)
o ,
SR = |\ T |z 5
Tt s s
- (s) = = (-cos =, -smn= o
k=3 (T ez = °)
= L = —‘_ W\s— - Co S_
T:—z B(s) = Ts) x M) E(S = csﬁ")
- S -
B = z(oost,Sm—z,o)

ST =<B o, N> = -5

(AN . 7} “ .
Mi R,T are 5eow\etnc qsuom-(— 4y, ie. they ave
Tnvarian® waey on‘ev\fa'h‘ov\’(:reseﬂ"ﬂj ﬁs’fd motions
& R*. k= ke , T= Tg

—_—

d / 716id motion
/O (ovrientation = \\ F
?‘Qgerub\ﬁ)



‘:wr\damem“’al Theotem o-(: 3‘>ace, Carves

67vew smooth functions k R A I — R with R >0,

+here ecists a space curve ol : T — R® pb.al.

st. - _
Moveover, A 'S un ique up 4o oviewtatiow - preserving

Y\’S\'d motions  of ng'

Posf: Fix So€T , and any Frame §To No B} of R®.

Consider tha '\:reme{' Qﬁ'uc:(‘\bws

!
T o kR o T vt order systom
Sk N = |-k ©o-T [N lfneavr ODEs
B O T o ®
———
gn‘ven
Bﬂ "Fwdame/wfa\ exisgtence “theoremm of O®Fts |

3 Soluction T(S), ?\'(S),B(S) , sel to ()

with ”?n‘rh'a\ cbv\d‘--l':cv\" : {T(g)' Nesy, B(s.)} = {To,No,Bg'ﬁ

Claim: {T(s)’N(S)’ B(”} s a frame V¥ S€T.

Proof: Defme a 2x3 matrix

_T(g)_
M(s)= | — Ny — Misye So(3) Vsel

— Bs) —

|’l’ S'V\‘F'FI'CQJ' € check :



Known: M(Se) € S0(3) rsince [ To.No,Bo) is a frame.

Define Q = MMT (de‘)@ud.r on SeT)

Check: @ satisfies -Hne-Fo“owMj ODE :

(%) { Q= Ka-axk
Rse) =1

We con rewrite +He Frewnet eel‘w-(r-ov\s (#) »n

hatrive —form - M= KM \

ok © . .

whevre K = (-k o -1:) is S‘kW-&:nmw\levfc
oT o T

K=-K

Therefore,

’

Q= MM+ MM)
= KMM + MM K
=KQ-aK

Note that Q(s) =1 s a solutiom to ()

8:9 Fundamental uniqueness of ODEs, it must be

MM =TI VUsel.
_ 4 VseI, so M©)eSo(2)

e OV\\-) salution. So

83 Continuitvy , det M

Sor ont ScT. This proves the claim .



NON, onee we know

{T(S)’N(g), BLS)) ¢ a tame V¥ S€T

We can in‘festa'('e ot'=T 4o obtom. The rest of

+he detoils and the uniciu.euzss part ove left as

0N exercise .

?emark on +he condition k>0

9 wot be oble to define e Frevet

dov +he trae of o cune

O-H«erwige, one maé

£rome oov\‘h‘nuowslﬂ. Ejg. Cons’

{ V= x3, zz0}d = image ()

)

»

P
\ k=0 hewe

where twe frame “jumps’




